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Abstract
In this paper, the power boundedness and mean ergodicity of multiplica-
tion operators are investigated on the Bloch space B, the little Bloch space
B0 and the Besov Space Bp. Let U be the unit disk on the complex plane
C and ψ be a function on the space of holomorphic functions H(U), our
goal is to find out when the multiplication operator Mψ is power bounded,
mean ergodic and uniformly mean ergodic on B, B0 and Bp.
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1 Introduction
Let U = {z ∈ C : |z| < 1} be the unit disk in the complex plane C and H(U) be
the space of all holomorphic functions on U. The Bloch space B is defined to be
the space of all functions in H(U) such that
βf = sup
z∈U
(1− |z|2)|f ′(z)| <∞.
The little Bloch space B0 is the closed subspace of B consisting of all functions
f ∈ B with
lim
|z|→1
(1− |z|2)|f ′(z)| = 0.
∗Corresponding Author
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It is easy to check that the Bloch and little Bloch spaces B and B0 are Banach
space under the norm
||f ||B = |f(0)|+ βf .
Another space we dealt with in this paper is the Besov space Bp(1 < p < ∞)
which is defined to be the space of holomorphic functions f on U such that
γpf =
∫
U
|f ′(z)|p(1− |z|2)p−2dA(z)
=
∫
U
|f ′(z)|p(1− |z|2)pdλ(z) <∞
where dλ(z) is the Mo¨bius invariant measure on U, with definition
dλ(z) =
dA(z)
(1− |z|2)2
.
For p = 1 , the Besov space B1 consists of all holomorphic functions f on U whose
second derivatives are integrable,
B1 = {f ∈ H(U) : ||f ||B1 =
∫
U
|f ′′(z)|dA(z) <∞}.
For 1 < p < ∞, it is well-known that ||f ||p = |f(0)| + γf is a norm on Bp which
makes it a Banach space. Bp is reflexive space (while B1 is not) and polynomials
are dense in it. Furthermore, for each 1 < q < p <∞, B1 ⊂ Bq ⊂ Bp ⊂ B and B1
is a subset of the little Bloch space B0 (see [18]). Also remember that the Besov
space B2 is known as the classical Dirichlet Space D and B∞ is the Bloch space
B. Moreover, the following two useful lemmas determines that norm convergence
implies pointwise convergence in the Bloch and Besov spaces Bp(1 < p <∞) and
we bring them here without proof.
Lemma 1.1. For all f ∈ B and for each z ∈ U, we have
|f(z)| ≤ ||f ||B log
2
1− |z|2
.
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Proof. See [19].
Lemma 1.2. For each f ∈ Bp (1 < p <∞) and for every z ∈ U, there is C ≥ 0
(depens only on p) such that
|f(z)| ≤ C||f ||p(log
2
1− |z|2
)1−1/p.
Proof. See [18].
Bloch and Besov spaces and their properties specially from an operator and
geometric view were studied extensively in previous years in [5, 18, 19] and more
recently in [11, 12].
If ψ be a holomorphic function on U, the multiplication operator Mψ on H(U)
is defined by
Mψ(f) = ψf.
Investigating the boundedness or compactness and other properties of multiplica-
tion operators on the Bloch and Besov spaces have been done by many authors
(see[5, 3, 20]). Arazy in [5] proved that the multiplication operatorMψ is bounded
on the Bloch space if and only if ψ ∈ H∞(U) and σψ <∞ where
σ∞ψ := sup
z∈U
1
2
(1− |z|2)|ψ′(z)| log
1 + |z|
1− |z|
and H∞(U) = {f ∈ H(U) : supz∈U |f(z)| <∞}. In [3], Allen and Colonna showed
that if ψ ∈ H(U) induces a bounded multiplication operator Mψ on the Bloch
space, then
max{||ψ||B, ||ψ||∞} ≤ ||Mψ|| ≤ max{||ψ||B, ||ψ||∞ + σψ} (1.1)
as ||ψ||∞ = supz∈U |ψ(z)|.
In the case of Besov Space, the situation is somewhat different and the issue
is not as straightforward as the Bloch Space. A function ψ ∈ H(U) is said to be
multiplier of Bp if Mψ(Bp) ⊆ Bp. If the space of multipliers on Bp in to itself
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represented by M(Bp), then by Closed Graph theorem ψ ∈ M(Bp) if and only if
Mψ is a bounded operator on Bp. Stegenga [16], Characterized multipliers of the
Dirichlet space D in to itself. Characterization of multipliers of the Besov space
Bp (1 < p <∞), based on capacities and Carleson measures type conditions was
given by Wu [17] and Arcozzi [6]. Zorboska [20], Corollary 3.2, proved that for
1 < p <∞ if ψ ∈M(Bp), then ψ ∈ H
∞(U) and
sup
z∈U
(1− |z|2)|ψ′(z)|(log
2
1− |z|2
)1−1/p <∞.
Following proposition is another applied result of Zorboska about multiplication
operators on the Besov spaces.
Proposition 1.3. Suppose that 1 < p <∞ and ψ ∈ H∞(U).
I. If ψ ∈M(Bp) and 0 < r < 1, then
sup
ω∈D
∫
D(ω,r)
(1− |z|2)p−2|ψ′(z)|p(log
2
1− |z|2
)p−1dA(z) <∞,
where D(ω, r) = {z ∈ U : β(z, ω) < r} is the hyperbolic disk with radius r,
β(z, ω) = log 1+ψz(ω)
1−ψz(ω)
and ψz(ω) =
z−ω
1−z¯ω
for all z, ω ∈ U.
II. If
∫
U
(1− |z|2)p−2|ψ′(z)|p(log 2
1−|z|2
)p−1dA(z) <∞, then ψ ∈M(Bp).
Proof. See [20].
Notice that Galanopoulos in [12], theorem(1.3) has shown the existence of
ψ ∈ M(Bp) such that
∫
U
(1 − |z|2)p−2|ψ′(z)|p(log 2
1−|z|2
)p−1dA(z) = ∞. i. e. the
reverse of (II) in preceeding proposition is not correct.
Let L(X) be the space of all linear bounded operators from locally convex
Hausdorff space X into itself and T ∈ L(X), the Cesa´ro means of T is defined by
T[n] :=
1
n
n∑
m=1
Tm, n ∈ N.
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An operator T is (uniformly) mean ergodic if {T[n]}
∞
n=0 is a convergent se-
quence in (norm) strong topology and is said to be power bounded if the sequence
{T n}∞n=0 is bounded in L(X). In this paper, we look for conditions under which
the multiplication operator Mψ is power bounded and it’s Cesa´ro means is con-
vergent or uniformly convergent on the Bloch space B, little Bloch space B0 and
the Besov Space Bp.
There are a lot of references about dynamical properties of different linear
bounded operators on Banach, Fre´chet and locally convex spaces. One of the
best, is a book written by Bayart and Matheron [8]. Additionally, [1, 2, 14] and
the references therein give more details about mean ergodic and power bounded
operators on locally convex spaces. Bonet and Ricker [10], characterized the mean
ergodicity of multiplication operators in weighted spaces of holomorphic functions
and recently Bonet, Jorda´ and Rodr´iuez [9] extended the results to the weighted
space of continuous functions.
According to the above preliminaries, it is time to investigate the power bound-
edness and mean ergodicity of multiplication operator on the Bloch and Besov
Spaces in two separate section.
2 The Bloch space B and The little Bloch space
B0
The following Proposition gives the necessarily condition of power boundedness,
uniform mean ergodicity and mean ergodicity of multiplication operators on B or
B0.
Proposition 2.1. Suppose ψ ∈ H(U) and Mψ is a bounded operator on B(B0).
If Mψ is powe bounded, mean ergodic or uniformly mean ergodic on B(B0), then
||ψ||∞ ≤ 1.
Proof. Suppose Mψ is uniformly mean ergodic or mean ergodic on B(B0), then
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for all f ∈ B(B0), we have limn→∞
1
n
f.ψn = 0 when n → ∞. Let f ≡ 1, then
||ψ
n
n
||B → 0. By lemma(1.1), for all z ∈ U, |
ψn(z)
n
| ≤ ||ψ
n
n
||B log
2
1−|z|2
. So for
all z ∈ U, |ψ
n(z)
n
| → 0 as n → ∞ then |ψ(z)| ≤ 1 for all z ∈ U and therefore
||ψ||∞ ≤ 1.
Now suppose ||ψ||∞ > 1. Choose λ ∈ R such that ||ψ||∞ > λ > 1. By
(1.1), ||Mψn || ≥ ||ψ
n||∞ = ||ψ||
n
∞ > λ
n and limn→∞ λ
n = ∞, therefore {Mψn}n is
an unbounded sequence and consequently Mψ is not power bounded operator on
B(B0).
Theorem 2.2. Suppose ψ is a holomorphic function on U inducing a bounded
multiplication operator Mψ on B(B0), if either ||ψ||∞ < 1 or ||ψ||∞ = 1 and
σψ = 0, then Mψ is power bounded on B(B0).
Proof. First suppose that ||ψ||∞ < 1,
Since by (1.1), ||Mψn || ≤ max{||ψ
n||B, ||ψ
n||∞ + σψn}, if ||Mψn || ≤ ||ψ
n||B, then
||Mψn || ≤ ||ψ
n||B = |ψ
n(0)|+ βψn
≤ |ψn(0)|+ ||ψn||∞
= |ψn(0)|+ ||ψ||n∞ ≤ 2, (I)
and if ||Mψn || ≤ ||ψ
n||∞ + σψn , then
||Mψn || ≤ ||ψ
n||∞ +
n
2
sup
z∈U
(1− |z|2)|ψ′(z)||ψ(z)|n−1 log
1 + |z|
1− |z|
≤ ||ψn||∞ + n||ψ||
n−1
∞ (
1
2
sup
z∈U
(1− |z|2)|ψ′(z)| log
1 + |z|
1− |z|
)
= ||ψ||n∞ + n||ψ||
n−1
∞ σψ
≤ 1 + n||ψ||n−1∞ σψ
But since ||ψ||∞ < 1, we have limn→∞ n||ψ||
n−1
∞ σψ = 0, and therefore {n||ψ||
n−1
∞ }
is a bounded sequence. Let K = supn∈N n||ψ||
n−1
∞ σψ, then ||Mψn || ≤ 1+K. So by
this and (I), ||Mψn || ≤ max{2, 1 +K} and Mψ is power bounded on B(B0).
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Finally, if ||ψ||∞ = 1 and σψ = 0, hence σψn = 0. So ||Mψn || ≤ ||ψ
n||B =
|ψn(0)|+βnψ ≤ |ψ
n(0)|+ ||ψ||n∞ ≤ 2 or ||Mψn || ≤ ||ψ||
n
∞+σ
n
ψ ≤ 1, then ||Mψn || ≤ 2
and Mψ is power bounded on B(B0).
Theorem 2.3. Suppose that Mψ is a bounded operator on B(B0). If ||ψ||∞ < 1
or ||ψ||∞ = 1 and σψ = 0(Mψ is power bounded), then Mψ is uniformly mean
ergodic (and hence mean ergodic) on B(B0).
Proof. Primarily suppose ||ψ||∞ = 1 and σψ = 0, With this assumption, ψ(z) = ξ
for some ξ ∈ ∂U. If ξ = 1, then (Mψ)[n]f =
ψf+ψ2f+···+ψnf
n
= f and (Mψ)[n] = I
for all n ∈ N, therefore Mψ is uniformly mean ergodic on B(B0) and if ξ 6= 1, then
Mψn = ψ
nf = ξnf and (Mψ)[n] =
ξ+ξ2+···+ξn
n
f = f
n
ξ(1−ξn+1)
1−ξ
.
In this case for f ∈ B(B0) with ||f ||B ≤ 1, we have
||(Mψ)[n]f ||B = |
f(0)
n
ξ(1− ξn+1)
1− ξ
|+
1
n
sup
z∈U
(1− |z|2)|f ′(z)||
1− ξn+1
1− ξ
|.
1
n
|f(0) ξ(1−ξ
n+1)
1−ξ
| ≤ 2
n|1−ξ|
and 1
n
supz∈U(1 − |z|
2)|f ′(z)||1−ξ
n+1
1−ξ
| ≤ ||f ||B
2
n|1−ξ|
≤
2
n|1−ξ|
, so ||(Mψ)[n]f ||B → 0 when n → ∞ and therefore Mψ is uniformly mean
ergodic on B(B0).
Now, suppose ||ψ||∞ < 1 and let f ∈ B(B0) such that ||f ||B ≤ 1, then
||(Mψ)[n]f ||B ≤
|f(0)|
n
n∑
m=1
|ψ(0)|m +
1
n
sup
z∈U
(1− |z|2|)|f ′(z)ψ(z)
1 − ψn(z)
1− ψ(z)
|+
1
n
sup
z∈U
(1− |z|2)|f(z)(ψ(z)
1 − ψn(z)
1− ψ(z)
)′|
We show that all three components of the right side are uniformly convergent to
0 and so the proof will be complete. Since ||ψ||∞ < 1, |ψ(0)| < 1, and Also
|f(0)|
n
n∑
m=1
|ψ(0)|m ≤
1
n
n∑
m=1
|ψ(0)|m
1
n
sup
z∈U
(1− |z|2|)|f ′(z)ψ(z)
1 − ψn(z)
1− ψ(z)
| ≤
1
n
2
1− ||ψ||∞
,
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two sequences { |f(0)|
n
∑n
m=1 |ψ(0)|
m}n and {
1
n
supz∈U(1− |z|
2|)|f ′(z)ψ(z)1−ψ
n(z)
1−ψ(z)
|}n
uniformly tends to 0 as n→∞. Finally, since by lemma(1.1), |f(z)| ≤ ||f ||B log
2
1−|z|2
,
we get:
sup
z∈U
(1− |z|2)|f(z)||(ψ(z)
1− ψn(z)
1− ψ(z)
)′|
≤ sup
z∈U
(1− |z|2)|f(z)||ψ′(z)||
1− (n + 1)ψn(z) + nψn+1(z)
(1− ψ(z))2
|
≤ sup
z∈U
(1− |z|2)||f ||B log
2
1− |z|2
|ψ′(z)||
1− (n + 1)ψn(z) + nψn+1(z)
(1− ψ(z))2
|
≤ sup
z∈U
(1− |z|2)|ψ′(z)| log
2
1− |z|2
|
1− (n+ 1)ψn(z) + nψn+1(z)
(1− ψ(z))2
|
but Mψ is bounded operator so by [3] supz∈U(1− |z|
2)|ψ′(z)| log 2
1−|z|2
| = σψ <∞
and |1−(n+1)ψ
n(z)+nψn+1(z)
(1−ψ(z))2
| ≤ 1+(n+1)||ψ||
n
∞
+n||ψ||n+1∞
(1−||ψ||∞)2
then the last part of the inequal-
ity (2.1) tends also to the 0 when n→∞ and so there is nothing left to prove.
The following theorem states the connection between the spectral properties
of an operator with uniform mean ergodicity of it. See [13, 15]. Note that by σ(T )
(spectrum of T ) we mean the set of all λ ∈ C such that T − λI is not invertible.
Theorem 2.4. (Dunford-Lin) [13, 15] An operator T on a Banach space X is
uniformly mean ergodic if and only if both (||T n||/n)n converges to 0 and either 1 ∈
C\σ(T ) or 1 is a pole of order 1 of the resolvent RT : C\σ(T )→ L(X), RT (λ) =
(T−λI)−1. Consequently if 1 is an accumulation of σ(T ), then T is not uniformly
mean ergodic.
Proposition 2.5. Suppose ψ ∈ H(U) and Mψ is a bounded operator on B(B0),
then if 1 is in the closure of ψ(U) then Mψ is not uniformly mean ergodic.
Proof. In fact in this case 1 ∈ σ(Mψ), (the authors of [3] have showon that
the spectrum of Mψ is the closure of ψ(U). Now theorem folows directly from
Dunford-Lin Theorem.
The forthcoming example is a direct consequence of preceeding proposition.
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Example 2.6. Mz is not uniformly mean ergodic on B(B0). Also Mψ, where ψ
is an automorphism of the unit disk, is not uniformly mean ergodic on B(B0).
The next theorem is a summary of the results of this section:
Theorem 2.7. LetMψ be a bounded multiplication operator on B(B0) and suppose
ψ is not a noncostant function with ||ψ||∞ = 1, then the following are equivalent:
1. ||ψ||∞ < 1 or ||ψ||∞ = 1 and σψ = 0,
2. Mψ is power bounded.
3. Mψ is mean ergodic.
4. Mψ is uniformly mean ergodic.
The case where ψ is a noncostant function with ||ψ||∞ = 1, is still open.
3 Besov Space Bp(1 < p <∞)
Before starting this section, it is necessary to remind that a Banach space X is said
to be mean ergodic if each power bounded operator is mean ergodic. Lorch by ex-
tending the result of Rizes, showing that Lp spaces are mean ergodic, proved that
the reflexive spaces are also mean ergodic. See [1]. According to the introduction,
for 1 < p <∞ Besov Spaces Bp are reflexive spaces and therefore power bounded-
ness of an operator implies mean ergodicity. Furthermore, following proposition
which we need, is coming without proof.
Proposition 3.1. Let X be a functional Banach space on the set Ω and suppose
ψ is a complex-valued function on Ω such that ψX ⊂ X. Then the operator Mψ
is a bounded operator on X and |ψ(x)| ≤ ||Mψ|| for all x ∈ Ω. In particular,
ψ ∈ H∞(Ω).
Proof. See [14].
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In this section we only consider the case 1 < p <∞.
Theorem 3.2. Suppose ψ ∈ H(U) and Mψ is a bounded operator on Besov space
Bp. IfMψ is powe bounded, mean ergodic or uniformly mean ergodic, then ||ψ||∞ ≤
1.
Proof. First suppose ||ψ||∞ > 1. Then there is α > 0 such that ||ψ||∞ > α > 1
and consequently ||ψn||∞ > α
n > 1 for all n ∈ N. Since by proposition (3.1),
|ψ(z)| ≤ ||Mψ|| for all z ∈ U, we have α
n < ||ψn||∞ ≤ ||Mψn || and therefore Mψ is
not power bounded on Bp. Now suppose Mψ is uniformly mean ergodic (or mean
ergodic) on Bp, then for all Bp we have limn→∞
1
n
f.ψn = 0 when n → ∞. Let
f ≡ 1, then ||ψ
n
n
||p → 0. By lemma(1.2), |
ψn(z)
n
| ≤ C||ψ
n
n
||p(log
2
1−|z|2
)1−
1
p for all
z ∈ U and some C ≥ 0. So |ψ
n(z)
n
| → 0 when n → ∞ for all z ∈ U, it forces
|ψ(z)| ≤ 1 for all z ∈ U and therefore ||ψ||∞ ≤ 1.
Theorem 3.3. Suppose that ψ ∈ H(U) and Mψ is a bounded operator on the
Besov space Bp, then the following statements are equivalent.
I. ||ψ||∞ ≤ 1.
II. Mψ is power bounded.
III. Mψ is mean ergodic.
Proof. According to the initial interpretations of the section, it is sufficient to
show that (I) and (II) are equivalent. Let ||ψ||∞ ≤ 1.
If there exist z ∈ U such that |ψ(z)| = 1, then ψ(z) = λ, |λ| = 1 and ψ′ ≡ 0.
So for f ∈ Bp with ||f ||p = 1 we have
||Mψnf ||p = |ψ
n(0)f(0)|+ γψnf
≤ |f(0)|+ γf = ||f ||p
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and Mψ is power bounded on Bp, in fact ||Mψn || ≤ 1, for all n ∈ N.
Now suppose |ψ(z)| < 1 for all z ∈ U and let f be a polynomial on Bp. Then
there exists real number K ≥ 0 such that |f(z)| ≤ K for all z ∈ U.
In this case, the followings can be deduced;
1. |ψn(0)f(0)| → 0 when n→∞ , since |ψ(0)| < 1 and |f(0)| ≤ K.
2.
∫
U
|f ′(z)|p|ψn(z)|p(1− |z|2)p−2dA(z)→ 0 since
|f ′(z)ψn(z)|p(1− |z|2)p−2 ≤ |f ′(z)p(1− |z|2)p−2
and
∫
U
|f ′(z)|p(1 − |z|2)p−2dA(z) < ∞ then |f ′(z)ψn(z)|p(1 − |z|2)p−2 is in-
tegrable for all n ∈ N and Lebesgue Convergence theorem implies that∫
U
|f ′(z)|p|ψn(z)|p(1− |z|2)p−2dA(z)→ 0, as n→∞.
3.
∫
U
|nψ′(z)ψn−1(z)f(z)|p(1− |z|2)p−2dA(z)→ 0 since
|nψ′(z)ψn−1(z)f(z)|p(1 − |z|2)p−2 ≤ (n||ψ||n−1∞ )
pKp|ψ′(z)|p(1− |z|2)p−2 ψ ∈
Bp then the right side of the last inequlity is integrable for all n ∈ N and so
is fn. Lebesgue Converges theorem gives the desired result.
So for all polynomials P , ||MψnP ||p → 0 when n→∞ and polynomials are dense
in Bp that means ||Mψnf ||p → 0 when n → ∞, i. e. for all f ∈ Bp, {Mψnf} is
bounded and therefore Mψ is power bounded on Bp.
Lemma 3.4. Suppose ψ ∈ H(U) with
∫
U
|ψ′(z)|p(log
2
1− |z|2
)p−1(1− |z|2)p−2dA(z) <∞ (3.1)
and Mψ is a bounded operator on the Besov space Bp, then ψ(U) = σ(Mψ),(ψ(U)
means the norm closure of ψ(U)).
Proof. First since Mψ − λI = Mψ−λ, then λ ∈ σ(Mψ) if and only if Mψ−λ is not
invertible. If Mψ−λ is invertible, we must have (Mψ−λ)
−1 =M(ψ−λ)−1 =M 1
ψ−λ
.
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So if λ ∈ ψ(U) then there exist z0 ∈ U such that ψ(z0) = λ and therefore
1
ψ−λ
/∈ H∞(U) so Mψ−λ is not invertible that means λ ∈ σ(Mψ) and ψ(U) ⊆
σ(Mψ). But σ(Mψ) is closed so ψ(U) ⊆ σ(Mψ).
Now assume that (3.1) holds, and λ /∈ ψ(U), hence 1
ψ(z)−λ
∈ H∞(U). By (3.1)
∫
U
|ψ′(z)|p
|ψ(z)− λ|2p
log
2
1− |z|2
)p−1(1− |z|2)p−2dA(z) <∞
Thus by proposition (1.3), M 1
ψ−λ
is bounded on Bp and Mψ−λ is invertible which
means λ /∈ σ(Mψ).
It’s time to set up the final result:
Theorem 3.5. Suppose ψ ∈ H(U) which holds (3.1) andMψ is a bounded operator
on the Besov space Bp, then Mψ is uniformly mean ergodic on Bp if and only if
||ψ||∞ ≤ 1 and either ψ ≡ ξ for some ξ ∈ ∂U or
1
1−ψ
∈ H∞(U).
Proof. Let ||ψ||∞ ≤ 1. Consider that (Mψ)[n]f(z) =
f(z)
n
∑n
m=1(ψ(z))
n. So if
ψ ≡ 1, we can easily see ||(Mψ)[n]− I|| → 0 when n→∞, where I is the identity
operator on Bp. In the case ψ ≡ ξ, where ξ 6= 1, we have (Mψ)[n] =
ξ+ξ2+···+ξn
n
f =
f
n
ξ(1−ξn+1)
1−ξ
and clearly ||(Mψ)[n]|| → 0. If
1
1−ψ
∈ H∞(U), it means that 1 ∈ σ(Mψ)
and since Mψ is power bounded, proposition (3.2) guaranties the uniform mean
ergodicity of Mψ on Bp.
Conversely; assume that Mψ is uniformly mean ergodic on Bp. So by theorem
(3.3) it is powe bounded and ||ψ||∞ ≤ 1. suppose ψ is not unimodular constant
function. By proposition 3.2 1 /∈ σ(Mψ) so M1−ψ is not invertible it means
1
1−ψ
∈ H∞(U).
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